CHAPTER VII INVARIANTS.   FIRST PRINCIPLES AND ILLUSTRATIONS
28. Absolute Invariants,   Geometric, Algebraic, and Arithmetical.
If we subject a geometric figure to a transformation, we find that, while many properties of the figure have been altered, others have not. If we consider, not a single transformation, but a set of transformations, then those properties of figures which are not changed by any of the transformations of the set are said to be invariant properties with regard to this set of transformations. Thus if our set of transformations is the group of all displacements, the property of two lines being parallel or perpendicular to each other and the property of a curve being a circle are invariant properties, since after the transformation the lines will still be parallel or perpendicular and the curve will still be a circle. If, however, we consider, not the group of displacements, but the group of all non-singular collineations, none of the properties just mentioned will be invariant properties. Properties invariant with regard to all non-singular collineations have played such an important part in the development of geometry that a special name has been given to them, and they are called protective or descriptive properties. As examples of such projective properties we mention the collinearity and complanarity of points, the complanarity and concurrence of lines, etc.; or, on the other hand, the contact of a line with a curve or a surface or the contact of two curves or of two surfaces, or of a curve and a surface.
DEFINITION 1. If there is associated with a geometric figure a quantity which is unchanged by all the transformations of a certain set, then this quantity is called an invariant with regard to the transformations of the set.
For instance, if our set of transformations is the group of displacements, the distance between two points and the angle between two lines would be two examples of invariants.
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